In this note, we try to generalize the classical Cauchy-Lipschitz-Picard theorem on the global existence and uniqueness for the Cauchy initial value problem of the ordinary differential equation with global Lipschitz condition, and we try to weaken the global Lipschitz condition. We can also get the global existence and uniqueness.
Introduction
In his famous book [], Brezis gave a very sketchy and interesting proof on the classical Cauchy-Lipschitz-Picard theorem.
Theorem . Let E be a Banach space and let F : E → E be a Lipschitz map, i.e., there is a constant L such that
(.)
Then, for any given u  ∈ E, there exists a unique solution u ∈ C  ([, +∞), E) of the problem: du(t) dt
= F(u(t)), ∀t ∈ (, +∞), u() = u  .
(.)
It is well known that if we only assume the local Lipschitz condition, we can only get the local existence and uniqueness for Cauchy initial value problems.
In this paper, we try to weaken the global Lipschitz condition, but we also want to get the global existence and uniqueness; we have the following theorem. Theorem . Let E be a Banach space (with norm · ) and let F : [, +∞) × E → E be a map satisfying 
then S has a unique fixed point u = T(u).
, and
The following lemma can be regarded as a natural generalization of the Gronwall inequality.
Now to prove Theorem ., we use some similar arguments to Brezis [] . Let k > , which is to be determined, and assume
Then it is easy to see that X is a Banach space for the norm
For ∀u ∈ X, we define
Then u is a solution of (.) if and only if (u) = u, that is, u is a fixed point of . ()
We now show that, for every u ∈ X, (u) also belongs to X. In fact,
We only need to prove
Hence we only need to prove
Hence we have proved is a self-mapping from X to X. () We prove the contraction property of . We have
Hence we have
We can choose k > L, then we use Banach contraction mapping principle to find that (.) has at least one solution on [, +∞). Furthermore, by Gronwall's inequality, we can get the uniqueness. In fact, let u  , u  be two solutions of (.), then
By Gronwall's inequality, we have
Hence for any t ∈ [, +∞), we have u  (t) = u  (t).
Examples
By the triangle inequality, we have
is Lipschitz with a =  and p(s) = s. We consider
du(t) dt
= F(t, u(t)) = p  (t)|u -p  (t)|, ∀t ∈ (, +∞), u() = u  .
(.)
Then

F t, u(t) -F t, v(t) = p  (t) u -p  (t) -v -p  (t) .
F t, u(t) -F t, v(t) ≤ p  (t)|u -v|.
So F(t, u(t)) = p  (t)|u -p  (t)| is Lipschitz with L(t) = p  (t) and p(s) = s.
